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Abstract
We study the structure of function fields of plane curves following our method developed in
[K. Miura, H. Yoshihara, Field theory for function fields of plane quartic curves, J. Algebra 226
(2000) 283–294]. Especially, we study Galois points on singular plane quartic curves and determine
the number of Galois points on them. Furthermore, we give concrete defining equations when the
curve has a Galois point.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Let k be the field of complex numbers C. We fix k as the ground field of our discussion.
Let K be an algebraic function field in one variable over k. Our purpose is to study the
structure of the field extension K/k from geometrical viewpoint. The setup is as follows.
Let C be an irreducible (possibly singular) plane curve of degree d = p + 1 (p: odd
prime number) and k(C) be the rational function field of C. The concept of Galois point
for C was introduced in [4], in order to study the structure of the field extension of the
function field k(C)/k. First, we recall several definitions in brief (cf. [3,4]).E-mail address: kmiura@ube-k.ac.jp.
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k(C) = k(X), so we denote it by K . Take a point P ∈ C. The projection with the center P
is defined by
πP : X  x → Pε(x) ∈ P1,
where Pε(x) is the line passing through P and ε(x), P1 is the one-dimensional projective
space of all lines in P2 passing through P . The degree of πP is d − mP , where mP is the
multiplicity of C at P . The πP induces a field extension π∗P : k(P1) ↪→ K . Since the field
extension is determined by the point P , we denote the function field k(P1) by KP , i.e.,
π∗P :KP ↪→ K .
Our program to study K/KP is stated in detail in [4] (or [3,5]). In this article, we
consider mainly the following question: “When is the extension K/KP Galois?”
Definition 1. The point P ∈ C is called a Galois point if πP is a Galois covering, or
equivalently K/KP is a Galois extension. In particular, a Galois point P is called a smooth
Galois point if P ∈ Reg(C), where Reg(C) is an open subset of C of all non-singular
points.
Suppose that P is a Galois point. We denote by GP the Galois group Gal(K/KP ). We
call GP the Galois group at P . Then an element σP ∈ GP induces a birational transfor-
mation of C over P1. Moreover, σP induces an automorphism of the smooth model X. We
denote it by same notation.
Our purpose is to give an estimate of the number of smooth Galois points.
Definition 2. We denote by δ(C) the number of smooth Galois points on C.
2. Statement of results
Definition 3. When P ∈ Reg(C) is a flex, we call IP (C,TP ) − 2 the order of the flex,
where IP (C,TP ) the intersection number of C and TP at P , TP is the tangent line of C
at P .
Under the situation above, we first show the following.
Lemma 1. Suppose P is a smooth Galois point of C. Then P is a flex of order d − 2 or not
a flex.
Definition 4. We denote δd−2(C) (respectively δ0(C)) the number of smooth Galois points
which are flexes of order d − 2 (respectively not flexes).
Namely, δ(C) = δd−2(C)+ δ0(C). By using the notation, our main theorem is stated as
follows.
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prime number.
(i) Suppose that C has a cusp. Then we have δ(C) 1 if d  5, δ(C) 2 if d = 4.
(ii) Suppose that C has no cusp. Put A(d,g) = (d − 3)(2g + 2d − 4)/(d − 2). Then we
have the following inequality:
{
A(d,g)+ 1}δd−2(C)+A(d,g)δ0(C) 3(2g + d − 2),
where g is the genus of the smooth model of C.
As an application, we treat the case d = 4, i.e., plane quartic curves. In particular, we
try and prove sharp estimates, where the estimates could possibly be sharpened. The case
when C is smooth was studied by us in detail in [4], so hereafter by C we denote singular
plane quartic curves.
Referring to [2,6,8], we know what singular irreducible plane quartic curves exist. By
using this fact, our results are stated as follows.
Theorem 2. The number of Galois points δ(C) is determined by the singularities of C as
follows:
In the case when C is rational:
Type Singularities of C δ(C)
Ia A6 0
Ib E6  2
IIa A5  3
IIb D5 0
II1/2a D4  3
II1/2b A4 +A2 0
IIIa A4 +A1 0
IIIb A3 +A2  1
IIIc A3 +A1  3
IIId 3A2 0
IIIe 2A2 +A1  1
IIIf A2 + 2A1  1
IIIg 3A1  3
In the case when C is elliptic:
Type Singularities of C δ(C)
IIIh A4 0
IIIi A3  4
IIIj 2A2  1
IIIk A2 +A1  1
IIIl 2A1  4
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Type Singularities of C δ(C)
IIIm A2  1
IIIn A1  1
where An, Dn, E6 are standard notations for simple singularities, which have the normal
form: An: x2 + yn+1 = 0 (n 1), Dn: y(x2 + yn−2) = 0 (n 4), E6: x3 + y4 = 0.
Remark 1. In the above table, we use the type of singular quartic curves for convenience.
The types I, II, II1/2 and III mean the logarithmic Kodaira dimensions of the complement
P2 \C (see [1,2]).
In the case when C is rational, we have the following concrete defining equation.
Theorem 3. Any plane rational quartic curve C with δ(C) > 0 is expressed as b3xz3 +
a3x2z2 + 3b2x2z2 + 3bx3z + x4 + 3abxyz2 + 3ax2yz − y3z = 0 by taking a suitable
projective transformation, where a, b ∈ k. In fact, the point (0 : 1 : 0) is a Galois point.
In the case when C is elliptic, we cannot obtain a better estimation than δ(C)  4.
However, we can characterize plane elliptic quartic curves which have a Galois point as
follows.
Note 4. Suppose C is a plane elliptic quartic curve with δ(C) > 0. Then we have j (X) = 0,
where j (X) is the j -invariant of the elliptic curve X, X is the smooth model of C.
Moreover, we can consider defining equations when a plane elliptic quartic curve has a
Galois point. The following assertion and its proof are due to Yoshihara [9].
Theorem 4. Suppose that C is a plane elliptic quartic curve with δ(C) > 0. Then C is the
strict transform of E: y2z = 4x3 − z3 by quadratic transformations.
3. Proof of Theorem 1
We use the following notation:
C: irreducible plane curve of degree d = p + 1 (p: odd prime number);
f (x, y) = 0: the defining equation of (the affine part of) C;
fi(x, y): the homogeneous part of degree i of f (x, y);
g = g(X): the genus of X;
mP (C) = mP : the multiplicity of C at P ;
sP (C) = sP : the number of the analytic branches of C at P ;
IP (C1,C2): the intersection number of C1 and C2 at P ;
TP = TP (C): the tangent line of C at P ;
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W(C) =
∑
Q∈Reg(C)
{
IQ(C,TQ)− 2
}
.
First, we note that πP :X → P1 is a branched covering of degree d − 1 = p. Hence we
infer the following lemma.
Lemma 2. Suppose P is a smooth Galois point. Then πP is totally ramified, namely, for
any branch point α ∈ P1, π−1P (α) consists of one point.
On the number of the ramification points, we have the following.
Lemma 3. Suppose P is Galois point. Then the number of ramification points of πP is
equal to
2g + 2d − 4
d − 2 .
Proof. From the Riemann–Hurwitz formula for πP , we have
∑
R∈X
(eR − 1) = 2g(X)+ 2d − 4,
where eR is the ramification index of πP at R ∈ X. By Lemma 2, we have eR = d − 1.
Hence the lemma is proved. 
By taking a suitable set of coordinates, we may assume that P = (0,0) and y = 0 is the
tangent line to C at P . Let lt be the line y = tx. Then we may assume that the projection
is defined as πP (C ∩ lt ) = t . In the affine plane (x, t) ∈ A2, let Ĉ be the curve defined by
fˆ (x, t) = f (x, tx)/x = ϕd(t)xd−1 + ϕd−1(t)xd−2 + · · · + ϕ1(t),
where ϕi(t) = fi(1, t) (1 i  d). Then K = k(x, t) and KP = k(t), the extension K/KP
is obtained by fˆ (x, t) = 0. Then we may study πP : X → P1 by considering a projection
from Ĉ to the t-axis.
Now we prove Lemma 1. Suppose that 3  IP (C,TP )  d − 1 and TP is defined by
y = 0. Then we see that TP meets C at P and other points. Therefore π−1P (0) consists of
more than two points. By Lemma 2, this is a contradiction. Hence we obtain Lemma 1.
Next, we consider when πP is totally ramified at x ∈ X (ε(x) = P). From the definition
of πP , we infer the following assertions hold true:
(i) If Q is a smooth point of C:
Then there exist a Q˜ ∈ X such that ε(Q˜) = Q. Hence we have that the ramification
index of πP at Q˜ equals to IQ(C,PQ).
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Let C1,C2, . . . ,Cs be the analytic branches at Q, and ε−1(Q) = Q˜1, . . . , Q˜s , where
s = sQ(C). Then eQ˜k = IQ(Ck,PQ).
Therefore, we infer the following.
Lemma 4. Let Q be a point of C (Q = P). The covering πP is totally ramified at Q if and
only if
(i) sQ(C) = 1 and
(ii) IQ(C,PQ) = d − 1.
Note that if Q satisfies this condition, then Q must be a flex or cusp.
Here we state a fact of W(C). Let C1,C2, . . . ,Cs be the analytic branches at Q ∈ C.
Put λQi = IQ(Ci, TQ(Ci)) (1  i  s), and |λQ| = λQ1 + λQ2 + · · · + λQs . Referring to
[6], we have the following formula.
Lemma 5.
W(C) = 6g − 6 + 3d −
∑(|λQ| +mQ − 3sQ),
where
∑
is extended over all singular points Q ∈ C.
Now we prove Theorem 1 separately according to the cases C has at least one cusp or
not.
3.1. C has at least one cusp
First, we consider the case when C has a cusp of multiplicity d − 1, say Q. Then we
see that C is rational and W(C) = d − 2.
Suppose P is a Galois point for C. From Lemma 3, the number of the ramification
points of πP is two. Then for any P ∈ Reg(C), IQ(C,PQ) = d − 1. That is, πP is totally
ramified at Q. Therefore, if P is a Galois point, then there exists one more totally ramified
point. So, we infer that one of the following assertions hold true:
(i) P is a flex of order d − 2, or
(ii) there exists a point R ∈ C such that IR(C,PR) = d − 1, i.e., R is a flex of order d − 3
whose tangent line passes through P .
Since W(C) = d −2, in case (i) we obtain δd−2(C) 1 and δ0(C) = 0. On the contrary,
in case (ii) we have δd−2(C) = 0 and (d − 3)× δ0(C) d − 2. So, we obtain δ0(C) 1 if
d  5, and δ0(C) 2 if d = 4.
Next, we consider the case when C has a cusp of multiplicity at most d−2, say Q. Then
we infer that the Galois point P must lie on TQ. Indeed, suppose P does not lie on TQ.
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most d − 2, and it intersects C at other point. That is, πP is not totally ramified over t = α.
Hence P must lie on TQ. Furthermore, if P is a Galois point, then the cusp Q must satisfy
IQ(C,PQ) = IQ(C,TQ) = d − 1 (cf. Lemma 4). Since C ∩ TQ consists of P and Q, P
is an only candidate for the Galois point on C, i.e., δ(C) 1. In particular, if C has cusps
which does not satisfy the condition above, then we obtain δ(C) = 0.
3.2. C has no cusp
Suppose P is a smooth Galois point. Then, we note that the ramification points of πP
must be (inverse image of ε of) flexes of C (see Lemma 4). Furthermore, by Lemma 3,
there exist (2g + 2d − 4)/(d − 2) ramification points. We shall prove separately according
to the cases P is a flex or not (cf. Lemma 1).
In the case when P is not a flex, then there must exist (2g + 2d − 4)/(d − 2) flexes of
order d − 3, and the tangent lines at those flexes must pass through P . Namely, one Galois
point needs (d − 3)(2g + 2d − 4)/(d − 2) of W(C). Putting A(d,g) = (d − 3)(2g +
2d − 4)/(d − 2), A(d,g)δ0(C)W(C).
On the contrary, in the case when P is a flex of order d − 2, then there must exist
{(2g+2d −4)/(d −2)}−1 flexes of order d −3, and the tangent lines at those flexes must
pass through P . Namely, one Galois point needs (d − 2)+ (d − 3)(2g + d − 2)/(d − 2) =
A(d,g)+ 1 of W(C), that is, we get {A(d,g)+ 1} δd−2(C)W(C).
From the flex formula (Lemma 5), we have W(C) 3(2g + d − 2) at most. Therefore,
we obtain the inequality as in Theorem 1.
Remark 2. Needless to say, we have W(C) = 3(2g+d −2) if C is smooth. However, even
if C has singular points, W(C) = 3(2g + d − 2) may hold true (cf. C has only nodes).
4. Proof of Theorem 2
We consider the case when C is a plane quartic curve. We shall prove Theorem 2 ac-
cording to the cases C has at least one cusp or not.
4.1. C has at least one cusp
First we consider the case when C has an A4 or A6 singularity. Classically, A4 is called
a double cusp, and A6 is called a ramphoid cusp. Let Q ∈ C be the cusp. Then we see that
IQ(C,TQ) = 4. Namely, TQ meets C at only Q. Since Galois point must lie on TQ, there
is no candidate for the Galois point on C, i.e., δ(C) = 0. This proves the cases Ia, II1/2b,
IIIa and IIIh.
Next, we consider the case when C has an A2 singularity, i.e., simple cusp of multiplic-
ity two. Let Q ∈ C be the cusp. Then we see that IQ(C,TQ) = 3. Hence TQ meets C at
some point P ∈ C. Note that this P is an only candidate for the Galois point of C. In the
case when C has many A2’s, the above condition must be held, i.e., the candidates for the
Galois points are at most one. This proves the cases IIIb, IIIe, IIIf, IIIj, IIIk and IIIm.
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i  3) be the tangent lines at three cusps. Then T1, T2 and T3 do not meet C at one point.
Indeed, suppose there exist a such point P ∈ C. Then πP is a totally ramified covering with
three branch points. Since C is a rational curve, this is a contradiction (cf. Remark 3). In
particular, we obtain that δ(C) = 0.
In the case when type Ib, by Theorem 1, we have δ(C)  2. But, we cannot obtain a
better estimation than this.
Example 1. Suppose C has an E6, simple cusp of multiplicity three. Then we have
W(C) = 2 and it is well known that C is projectively equivalent to one of the following
(cf. [6]):
(a) x4 − x3y + y3z = 0,
(b) x4 − y3z = 0.
In the case (a), C has two flexes of order one. Indeed Q1 = (0 : 1 : 0) and Q2 = (8 :
16 : 3) are flexes. Then the tangent lines at these flexes meet C at P1 = (1 : 1 : 0) and
P2 = (8 : −16 : 3), respectively. We can check easily that πPi is totally ramified, i.e., Pi is
a smooth Galois point (i = 1,2). By the condition of flexes of C, there is no more smooth
Galois point, so δ(C) = 2. In the case (b), we have a smooth Galois point P3 = (0 : 1 : 0)
which is a flex of order two. Since there is no more flex, δ(C) = 1.
4.2. C has no cusp
First, we consider the case type IIb, namely, C has a D5 singularity, tacnode-cusp. Let
Q ∈ C be the tacnode-cusp. Then we have that mQ = 3 and sQ = 2. Hence we infer that
πP always has a ramification point with ramification index two for any P ∈ C. That is,
πP is not totally ramified. Hence δ(C) = 0.
Next, we consider the case type IIIn. Suppose that C is a curve of type IIIn and X is a
smooth model of C. Then we have g(X) = 2, hence X is hyperelliptic. Let R ∈ C be the
A1 singularity, i.e., the node. The node R has two analytic branches, so we denote them by
R˜1, R˜2, respectively, i.e., ε−1(R) = {R˜1, R˜2} ⊂ X. Let πR : X → P1 be a projection with
the center R. It is a rational function of degree two, so πR = Φ|KX |, where Φ|KX | is the
canonical morphism (cf. [6]). Namely, by the definition of the projection, we see that
|KX| =
{
l ·C − R˜1 − R˜2
}
,
where l is the line passing through R, and l ·C is the intersection divisor on X.
Using this fact, we first prove δ2(C) = 0. Suppose P is a Galois point. Then the line PR
meets C at three points P , R and Q. We note that R = Q. Indeed, if R = Q, then we can
check easily that πP is not totally ramified. By the above argument, we have that P +Q ∼
KX , where “∼” means the linear equivalence of divisors. Note that the automorphism
σP ∈ GP acts transitively on {Q,R˜1, R˜2} and satisfies σ ∗PKX = KX . Now, if P is a flex
of order two, then P is a fixed point of σP since P becomes a ramification point of πP .
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equal to Q. This is a contradiction, hence we get δ2(C) = 0.
Next, we prove δ0(C)  1. Suppose P is a Galois point. Then, since P is not a flex,
we have that TP ∩ C = {P,P ′,P ′′}, where P , P ′ and P ′′ are mutually distinct points.
We put Q as PR ∩ C = {P,R,Q}. Here we may assume σP (P ) = P ′ and σ 2P (P ) = P ′′,
indeed σP acts transitively on {P,P ′,P ′′}. Putting Q′ = σP (Q) and Q′′ = σ 2P (Q), we see
that Q′ ∈ P ′R and Q′′ ∈ P ′′R since σ ∗PKX = KX . Recalling that σP acts transitively on
{Q,R˜1, R˜2}, we infer that Q′ = R˜1 and Q′′ = R˜2. It means that the lines P ′R and P ′′R
must become the tangent lines at R. These tangent lines at R are determined uniquely, so
is the Galois point P .
Conversely, let l1 and l2 be the tangent lines at R, and U1, U2 be the point such that
li ∩ C = {R,Ui} (i = 1,2). Then, if the line U1U2 is a tangent line of C at some point
U ∈ C, then U becomes an only candidate for the Galois point (above P ). Therefore, we
obtain δ0(C) 1. Thus, this proves Theorem 2 for IIIn.
For the remaining cases, we cannot obtain a better estimation than Theorem 1. From
Theorem 1, we obtain
(g + 3)δ2(C)+ (g + 2)δ0(C) 3(2g + 2).
Therefore, we get δ(C)  3 if C is rational, δ(C)  4 if C is elliptic. Thus we complete
the proof of Theorem 2. Finally we raise two problems.
Problems.
(1) Find a better estimation δ(C) for the case when C has no cusp.
(2) Characterize the curves with the maximal number of Galois points.
5. Proof of Theorems 3, 5
We prove Theorem 3. Let C be a plane rational quartic curve with a Galois point. Then
the line cuts of C define a linear system Λ = g24 without fixed point on P1, so Λ is a linear
subsystem of |4(∞)|. The complete linear system |4(∞)| defines the morphism
Φ|4(∞)| : P1  t →
(
1 : t : t2 : t3 : t4) ∈ P4.
This means that C is obtained as the image of the projection πl : C0 → P2, where C0 is the
rational normal curve and l is a line in P4. Since C has a Galois point P , πP : X(= P1) →
P
1 is a triple Galois covering, so πP defines a linear system Γ = g13 without fixed point
on P1. Since πP is Galois, this Γ must define as follows (cf. [7]):
ΦΓ : P1  t →
(
1 : t3) ∈ P1.
By the definition of πP , Λ contains Γ . Therefore ΦΛ is obtained by
( )P
1  t → 1 : t3 : c0t4 + c1t2 + c2t ∈ P2,
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ΦΛ : P1  t →
(
1 : t3 : t4 + at2 + bt) ∈ P2, C = ΦΛ(P1),
where a, b ∈ k. We can compute the defining equation of C by eliminating t from x = t3
and y = t4 + at2 + bt . We can check easily that the point (0 : 1 : 0) becomes a Galois point
of the plane curve stated in Theorem 3. Indeed, setting y = 1 in the equation and z = tx,
we obtain
fˆ (x, t) = −t + (3at + 3abt2)x2 + (1 + 3bt + a3t2 + 3b2t2 + b3t3)x3.
Then we calculate the discriminant ψ(t) of fˆ (x, t) with respect to x as follows:
ψ(t) = −27t2(1 + 3bt − a3t2 + 3b2t2 + b3t3)2.
Since ψ(t) is a complete square, (0 : 1 : 0) is a Galois point. This proves Theorem 3.
Suppose P ∈ C is a Galois point and σP ( = id) is an element of GP . Then σP induces
an isomorphism of smooth model X over P1. It is well known that every automorphism of
elliptic curve is composite of a translation and a group automorphism, and this group au-
tomorphism forms Z/2Z, Z/4Z or Z/6Z. Now, we see that our isomorphism σP has three
fixed points which coincide with ramification points of πP . Hence σP is not a translation.
Since σP has order three, the group automorphism of X must be isomorphic to Z/6Z. By
the general theory of elliptic curve, this implies j (X) = 0. Therefore we have Note 4.
Finally, we prove Theorem 4. Let C be a plane elliptic quartic curve with a Galois
point P . Then, by Note 4, we see that j (X) = 0. So, we may assume that X is isomorphic
to E: y2 = 4x3 − 1. Since E is a complex torus, E is expressed as E = C/(Z + Zω)
(ω3 = 1, ω = 1). By using the Weierstrass ℘-function, we have that x = ℘(z), y = ℘′(z),
where z ∈ C. Let σP be an element of the Galois group GP (σP = id). Then σP induces an
automorphism of E as σP (z) = ωz. Since ℘(ωz) = ω℘(z) and ℘′(ωz) = ℘′(z), we obtain
σ(x) = ωx and σ(y) = y. This means that k(x, y)σP = k(y), where k(x, y) = k(E) is the
function field of E.
Let ε :E → C be a birational morphism. We consider the divisor D = ε∗l, where l is a
line of P2. Then we get degD = 4 and l(D) = 4. Moreover, let Λ be a linear subsystem
of |D| such that ΦΛ = ε. Since P is a Galois point, πP defines a linear system Γ = g13
without fixed point on E. From the above argument, this Γ defines
ΦΓ : E  (x : y : 1) → (y : 1) ∈ P1.
Therefore, by the definition of πP , we have Γ ⊂ Λ ⊂ |D|.
Let (X : Y : Z) be homogeneous coordinates on P2 such that x = X/Z and y = Y/Z.
Now, we define L(D) = {φ ∈ k(E)|div(φ)+D  0} ∪ {0}. Since y ∈ L(D), that is, (y)+
D  0, we have (Y )E − (Z)E + D  0. Then we can see easily that D must be D =
3Q1 +Q2, where Q1 = (0 : 1 : 0) and Q2 ∈ E. Furthermore, we see that x ∈ L(D). Putting
Q2 = (a, b), (b2 = 4a3 − 1), we obtain (y + b)/(x − a) ∈ L(3Q1 + Q2). Since L(D) is
a vector space of dimension four, we obtain L(D) = 〈1, x, y, (y + b)/(x − a)〉. In other
K. Miura / Journal of Algebra 287 (2005) 283–293 293words, we get Λ as a three-dimensional linear subspace of L(D). In particular, we see that
C is the strict transform of E by quadratic transformations. We note that in the case when
ε is given by 〈1, x, y〉, C is not quartic. Thus we complete proofs.
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